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t❤❡ ✈❡❧♦❝✐t② ✭✇✐t❤ ❛ s♦✉r❝❡ t❡r♠ ✇❤✐❝❤ ✉♥❞❡r❧✐♥❡s t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♣r♦♣❡rt② ♦❢ t❤❡ ✢♦✇✮ ❛♥❞ ♦❢ t❤❡
♣❛r❛❜♦❧✐❝ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✳ ■t t❤✉s ❡①❤✐❜✐ts ❛ str✉❝t✉r❡ s✐♠✐❧❛r t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦r ✇❤✐❝❤ s❡✈❡r❛❧ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❬✶✻❪✳
❆♣♣❧✐❝❛t✐♦♥s t♦ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❝♦♥✜❣✉r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✾❪✳ ❖✉r st✉❞②
❞✐✛❡rs ❢r♦♠ t❤❡ ❧❛tt❡r r❡❢❡r❡♥❝❡ ❞✉❡ t♦ t❤❡ ♠♦❞❡❧ ✕ ✇❤✐❝❤✱ ✐♥ ♦✉r ❝❛s❡✱ ✐s ♠♦❞✐✜❡❞ t♦ ♠❛t❝❤ t❤❡
❧♦✇ ▼❛❝❤ r❡❣✐♠❡ ✭❧✐❦❡ ✐♥ ❬✺❪✮ ✕ ❛♥❞ ❞✉❡ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ❜② t❤❡ ✉♥❞❡r❧②✐♥❣
♥✉❝❧❡❛r ❢r❛♠❡✇♦r❦✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❧❡❛❞ t♦ ❡①♣❧✐❝✐t ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s ❬✸❪ ✇❤❡♥
t❤❡ ♣❤❛s❡s ❛r❡ ♠♦❞❡❧❧❡❞ ❜② t❤❡ st✐✛❡♥❡❞ ❣❛s ❧❛✇ ❡✈❡♥ ✇❤❡♥ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐s ✐♥✈♦❧✈❡❞✳ ◆♦t✐❝❡
t❤❛t t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s r❡str✐❝t❡❞ t♦ ♠♦♥♦♣❤❛s✐❝ ✢♦✇s ❛s ✇❡ ❛✐♠ ❛t ❛ss❡ss✐♥❣ ❛ ♥❡✇ ♥✉♠❡r✐❝❛❧
❛♣♣r♦❛❝❤✳ ✶❉ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❬✷✱ ✸✱ ✽❪ ❜② ♠❡❛♥s ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❜❛s❡❞ ♦♥ t❤❡
♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❧❛tt❡r ❛❧❣♦r✐t❤♠ str♦♥❣❧② r❡❧✐❡s ♦♥ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
✇❤✐❝❤ ✐s ♦♥❧② ✈❛❧✐❞ ✐♥ ❞✐♠❡♥s✐♦♥ ✶✳ ■t ❝♦✉❧❞ t❤♦✉❣❤ ❜❡ ❡①t❡♥❞❡❞ t♦ ❞✐♠❡♥s✐♦♥ ✷ t❤r♦✉❣❤ ❛♥ ❡①♣❧✐❝✐t
tr❡❛t♠❡♥t✳ ❍♦✇❡✈❡r✱ ✇❡ ❞✐❞ ♥♦t s❡❧❡❝t t❤✐s str❛t❡❣② ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✳ ❲❡ r❛t❤❡r ❝❤♦♦s❡ t♦ ❛♣♣❧②
t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠❡t❤♦❞ ❞✐r❡❝t❧② ❜② ✉s✐♥❣ t❤❡ ❢r❡❡ s♦❢t✇❛r❡ ❋r❡❡❋❡♠✰✰ ❬✶✵❪✳ ❚❤✐s r♦❜✉st t♦♦❧
❡♥❛❜❧❡s t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❛❢♦r♠❡♥t✐♦♥❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❈♦♥tr❛r② t♦ ❬✾❪✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♣❛rt
♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐s ♥♦t tr❡❛t❡❞ ❞✐r❡❝t❧② t❤r♦✉❣❤ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❜✉t ❜② ♠❡❛♥s ♦❢ t❤❡ ♠❡t❤♦❞
♦❢ ❝❤❛r❛❝t❡r✐st✐❝s ❬✶✹❪✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ♥♦ t❤❡♦r❡t✐❝❛❧ st✉❞② ♦❢ t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❛♣♣r♦❛❝❤ ✐s
❝❛rr✐❡❞ ♦✉t ✐♥ t❤✐s ♣❛♣❡r ❛s ✇❡ ♦♥❧② ❢♦❝✉s ♦♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♠♦❞❡❧ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✐♥❝❧✉❞✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❛♥❞
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■ts ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ ❛s ✇❡❧❧ ❛s t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠✳
❆❝❛❞❡♠✐❝ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ t❤❡♥ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ ♥❛♠❡❧② ❛♥ ✐♥tr✐♥s✐❝❛❧❧② ✶❉ ✢♦✇ ✭✇❤✐❝❤
❡♥❛❜❧❡s t♦ ❧❡❣✐t✐♠❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣②✮ ❛♥❞ ❛ ♣✉r❡ ✷❉ ✢♦✇✳
❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✸
✷✳ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s
❚❤❡ ♠♦❞❡❧ ✐s s❡t ✐♥ t❤❡ r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥ Ω = {x = (x, y) ∈ [0, Lx] × [0, Ly]}✳ ❚❤❡ ✷❉ ♥♦♥❝♦♥✲
s❡r✈❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ▲♠♥❝ ♠♦❞❡❧ ❬✼❪ r❡❛❞s

∇ · u =
β(h, p0)
p0
Φ(t,x), ✭✶❛✮
ρ(h, p0) · (∂th+ u · ∇h) = Φ(t,x), ✭✶❜✮
ρ(h, p0) ·
(
∂tu+ (u · ∇)u
)
−∇ · σ(u) +∇p¯ = ρ(h, p0)g, ✭✶❝✮
✇❤❡r❡ u = (u, v) ❛♥❞ h ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ t❤❡ t♦t❛❧ ❡♥t❤❛❧♣② ♦❢ t❤❡ ✢✉✐❞✳
❚❤✐s ♠♦❞❡❧ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ♣r❡ss✉r❡ ✜❡❧❞s✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧ts ❢r♦♠ t❤❡ ✜❧t❡r✐♥❣
♦✉t ♦❢ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡s✳ ❚❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ p0 ✐s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ❛♥❞
✐s ❛♥ ❛✈❡r❛❣❡ ♣r❡ss✉r❡ ✭❝♦♥st❛♥t ✐♥ s♣❛❝❡✮ ✇✐t❤✐♥ t❤❡ ❝♦r❡✳ ❚❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p¯ ❛♣♣❡❛rs ✐♥ t❤❡
♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ♣❡rt✉r❜❛t✐♦♥ ❛r♦✉♥❞ p0✳ ❲❡ ♠❡♥t✐♦♥ t❤❛t ♠♦❞❡❧ ✭✶✮
✐s ♦♥❧② ✈❛❧✐❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♣r❡ss✉r❡ p0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✐♠❡✳
❚❤❡ str❡ss t❡♥s♦r σ(u) ♠♦❞❡❧s ✈✐s❝♦✉s ❡✛❡❝ts✿ t❤❡ ❝❧❛ss✐❝ ✐♥t❡r♥❛❧ ❢r✐❝t✐♦♥ ✐♥ t❤❡ ✢✉✐❞ ❛s ✇❡❧❧ ❛s t❤❡
❢r✐❝t✐♦♥ ♦♥ t❤❡ ✢✉✐❞ ❞✉❡ t♦ t❡❝❤♥♦❧♦❣✐❝❛❧ ❞❡✈✐❝❡s ✐♥ t❤❡ ♥✉❝❧❡❛r ❝♦r❡ ✭❡✳❣✳ t❤❡ ❢r✐❝t✐♦♥ ♦♥ t❤❡ ✢✉✐❞
❞✉❡ t♦ t❤❡ ❢✉❡❧ r♦❞s✮✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ t❛❦❡
σ(u) = µ(h, p0)
(
∇u+ (∇u)T
)
+ η(h, p0)(∇ · u) I,
✇❤❡r❡ µ ❛♥❞ η ❛r❡ t❤❡ ▲❛♠é ❝♦❡✣❝✐❡♥ts ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♥st✐t✉t✐✈❡ ❧❛✇s✳ ❖t❤❡r ❝❤♦✐❝❡s ❛r❡ ♣♦ss✐❜❧❡
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠♦❞❡❧❧✐♥❣ s❝❛❧❡ ❛t st❛❦❡✳
❚❤❡ ♣♦✇❡r ❞❡♥s✐t② Φ(t,x) ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ♠♦❞❡❧❧✐♥❣ t❤❡ ❤❡❛t✐♥❣ ♦❢ t❤❡ ❝♦♦❧❛♥t
✢✉✐❞ ❞✉❡ t♦ t❤❡ ✜ss✐♦♥ r❡❛❝t✐♦♥s ✐♥ t❤❡ ♥✉❝❧❡❛r ❝♦r❡✳ ❋✐♥❛❧❧②✱ g ✐s t❤❡ ❣r❛✈✐t② ✜❡❧❞✳
❚♦ ❝❧♦s❡ t❤❡ s②st❡♠✱ ✇❡ ❤❛✈❡ t♦ s♣❡❝✐❢② t❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ✭❊❖❙✮ t❤❛t r❡❧❛t❡s t❤❡ ❞❡♥s✐t② ρ t♦ t❤❡
✉♥❦♥♦✇♥s ♦❢ ❙②st❡♠ ✭✶✮✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦♥♦♣❤❛s✐❝ ✢✉✐❞ ❛r❡ ♣r❡s❝r✐❜❡❞
❜② t❤❡ st✐✛❡♥❡❞ ❣❛s ❧❛✇✿
ρ(h, p0) =
γℓ
γℓ − 1
p0 + piℓ
h− qℓ
✭✷✮
✇❤❡r❡ γl✱ qℓ ❛♥❞ piℓ ❛r❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝♦♥st❛♥ts ♦❢ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❬✸✱ ❚❛❜❧❡ ✶❪✳
❚❤✐s r❡❧❛t✐♦♥ ②✐❡❧❞s t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦❡✣❝✐❡♥t ✐♥✈♦❧✈❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✶❛✮
β(h, p0)
❞❡❢= −
p0
ρ2(h, p0)
·
∂ρ
∂h
(h, p0) = βℓ(p0)
❞❡❢=
γℓ − 1
γℓ
p0
p0 + piℓ
. ✭✸✮
❚❤❡ ❝♦❡✣❝✐❡♥t ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ♦❢ st❛t❡✳
❇♦✉♥❞❛r② ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
❚❤❡ ✢✉✐❞ ✐s ✐♥❥❡❝t❡❞ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❝♦r❡ ✭y = 0✮ ❛t ❛ ❣✐✈❡♥ ❡♥t❤❛❧♣② he ❛♥❞ ❛t ❛ ❣✐✈❡♥ ✢♦✇
r❛t❡ De✳ ❲✐t❤♦✉t ✈✐s❝♦✉s ❡✛❡❝ts✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣♦s❡ t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ p¯ ❛t t❤❡ ❡①✐t ♦❢ t❤❡
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❝♦r❡ ✭y = Ly✮ ❛s ✐♥ ❬✸❪✳ ❲❤❡♥ ✈✐s❝♦s✐t② ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐s ❞✐✛❡r❡♥t
❛♥❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❛t t❤❡ ❡①✐t✳ ❲❡ ❝❤♦s❡ ❤❡r❡ ❛ ❢r❡❡ ♦✉t✢♦✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❇❈✮ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❞♦♠❛✐♥ ❛r❡
{
h(t, x, 0) = he(t, x),
(ρu)(t, x, 0) = (0, De(t, x)),
✭✹✮
❛♥❞ ❛t t❤❡ t♦♣ ♦❢ t❤❡ ❞♦♠❛✐♥ ✇❡ ❝♦♥s✐❞❡r ❢r❡❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥s
(σ(u)n− p¯n)(t, x, Ly) = 0, ✭✺✮
✇❤❡r❡ n ✐s t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r✳ ❖♥ t❤❡ ❧❛t❡r❛❧ ✇❛❧❧s ✇❡ ❝♦♥s✐❞❡r ❢r❡❡✲s❧✐♣ ❝♦♥❞✐t✐♦♥✱ ✐✳❡✳
{
(u · n)(t, 0, y) = (u · n)(t, Lx, y) = 0, ✭✻❛✮
(σ(u)n · τ )(t, 0, y) = (σ(u)n · τ )(t, Lx, y) = 0, ✭✻❜✮
✇❤❡r❡ τ ✐s s♦♠❡ ✉♥✐t t❛♥❣❡♥t✐❛❧ ✈❡❝t♦r✳
❆s ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ✐t ✐s ♣r❡s❝r✐❜❡❞ ❜②


h(0,x) = h0(x),
u(0,x) = u0(x),
p¯(0,x) = 0.
✭✼✮
❍②♣♦t❤❡s❡s
❙❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ✇❡❧❧✲♣♦s❡❞ ❛♥❞ ❤❛s ❛ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣✳
❆s ❢♦r t❤❡ ❞❛t❛✱ ✇❡ s✉♣♣♦s❡ t❤❛t✿
✭✐✮ Φ(t,x) ✐s ♥♦♥♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ (t,x) ∈ R+ × [0, Lx]× [0, Ly]❀
✭✐✐✮ p0 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳
❍②♣✳ ✭✐✮ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❢❛❝t t❤❛t ✇❡ st✉❞② ❛ ♥✉❝❧❡❛r ❝♦r❡ ✇❤❡r❡ t❤❡ ❝♦♦❧❛♥t ✢✉✐❞ ✐s ❤❡❛t❡❞✳
❚❤❡ s❡❝♦♥❞ ❤②♣♦t❤❡s✐s ❝♦♥❝❡r♥s t❤❡ ♠♦❞❡❧❧✐♥❣ ♣❛r❛♠❡t❡rs✿
✭✐✐✐✮ γℓ > 1❀
✭✐✈✮ piℓ ✐s s✉❝❤ t❤❛t p0 + piℓ > 0❀
✭✈✮ µ ❛♥❞ η ❛r❡ ❡q✉❛❧ t♦ t✇♦ ❝♦♥st❛♥ts µ0 > 0 ❛♥❞ η0 s❛t✐s❢②✐♥❣ 2µ0 + 3η0 > 0✳
◆♦t✐❝❡ t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s ❡♥s✉r❡ t❤❛t βℓ > 0✳
❋✐♥❛❧❧②✱ t❤❡ ✐♥✐t✐❛❧✴❜♦✉♥❞❛r② st❛t❡s ✐♥✈♦❧✈❡❞ ✐♥ ✭✹✲✼✮ ❛r❡ ❝♦♥str❛✐♥❡❞ ❜②✿
✭✈✐✮ De(t, x) > 0 ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ x ∈ [0, Lx]❀
✭✈✐✐✮ he(t, x) > qℓ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ x ∈ [0, Lx]❀
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✭✈✐✐✐✮ h0 ✐s s✉❝❤ t❤❛t h0(x, y = 0) = he(t = 0, x) ❢♦r ❛❧❧ x ∈ [0, Lx] ❛♥❞ h0(x) > qℓ ❢♦r ❛❧❧
x ∈ [0, Lx]× [0, Ly]❀
✭✐①✮ u0 ✐s s✉❝❤ t❤❛t 

∇ · u0 =
βℓ(p0)
p0
Φ(0,x),
u0(x, y = 0) = ue(t = 0, x),
❛♥❞ s❛t✐s✜❡s ❇❈ ✭✺✮ ❛♥❞ ✭✻✮✳
❆ss✉♠♣t✐♦♥ ✭✈✐✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♥✉❝❧❡❛r ♣♦✇❡r ♣❧❛♥t ♦❢ P❲❘ ♦r ❇❲❘ t②♣❡✿ t❤❡ ✢♦✇ ✐s ✉♣✇❛r❞✶✳
❆ss✉♠♣t✐♦♥ ✭✈✐✐✮ ♠❡❛♥s t❤❛t ❊❖❙ ✭✷✮ ✐s s✉❝❤ t❤❛t ρ(he, p0) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ♣♦s✐t✐✈❡✳ ❚❤✐s
❡♥❛❜❧❡s t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✢♦✇ ✈❡❧♦❝✐t② ue ❜②
ue(t, x)
❞❡❢= 0, ve(t, x) =
De(t, x)
ρ
(
he(t, x), p0
) .
▲✐❦❡✇✐s❡✱ ❍②♣✳ ✭✈✐✐✐✮ ❧❡❛❞s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ρ(h0, p0) t❤r♦✉❣❤ ✭✷✮✳ ❋✐♥❛❧❧②✱ ❍②♣✳ ✭✐①✮ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ st❡❛❞② ❡q✉❛t✐♦♥ ✭✶❛✮ ✐s ✐♥✐t✐❛❧❧② s❛t✐s✜❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
❛r❡ ✇❡❧❧✲♣r❡♣❛r❡❞ ✭s❡❡ ❬✸❪ ❢♦r ✐♥st❛♥❝❡✮✳
✸✳ ❲❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡
❚♦ ♣r♦✈✐❞❡ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ❙②st❡♠ ✭✶✮✱ ✇❡ ❝❛rr② ♦✉t ❛ st❛♥❞❛r❞ ❋✐♥✐t❡
❊❧❡♠❡♥t ❛♣♣r♦❛❝❤ ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ❋r❡❡❋❡♠✰✰ s♦❢t✇❛r❡ ❬✶✵❪✳ ❆s ❢♦r t❤❡ ❝♦♥✈❡❝t✐✈❡ ♣❛rt✱ ✐t
❝❛♥ ❜❡ tr❡❛t❡❞ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛ tr✐❧✐♥❡❛r ❢♦r♠ ✐♥t♦ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❛s ✐♥ ❬✾❪✳ ❍♦✇❡✈❡r✱ ✐♥
❦❡❡♣✐♥❣ ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦s ❬✷✱ ✸❪ ❛♥❞ ❛s ❋r❡❡❋❡♠✰✰ ✐♥❝♦r♣♦r❛t❡s t❤✐s ❢❡❛t✉r❡✱ ✇❡ ❞❡❝✐❞❡❞ t♦
❛♣♣❧② t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s ❬✶✹❪✳
▲❡t ✉s ❞❡✜♥❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✢♦✇ X ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❖❉❊✮


dX
dτ
(τ ; t,x) = u
(
τ,X (τ ; t,x)
)
,
X (t; t,x) = x,
✭✽✮
♣❛r❛♠❡tr✐③❡❞ ❜② t ∈ R ❛♥❞ x ∈ Ω✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ r❡♠❛r❦ ✐s t❤❛t ❢♦r ❛♥② ✜❡❧❞ ζ : R× Ω→ Rp(
d
dτ
[
ζ
(
τ,X (τ ; t,x)
)])
|τ=t
= ∂tζ(t,x) +
(
u(t,x) · ∇
)
ζ(t,x).
❍❡♥❝❡✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♣❛rt ✐♥ ❊q✉❛t✐♦♥s ✭✶❜✮ ❛♥❞ ✭✶❝✮ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❢♦r ❛♥② ∆t > 0 ❜②
[
∂t +
(
u(t,x) · ∇
)](h
u
)
(t,x) ≈
1
∆t
[(
h
u
)
(t,x)−
(
h
u
)(
t−∆t,X (t−∆t; t,x)
)]
.
✶❚❤❡ ✢♦✇ ❝♦✉❧❞ ❜❡ ❞♦✇♥✇❛r❞ ✇❤❡♥ t❤❡ ♥✉❝❧❡❛r r❡❛❝t♦r ✐s ❛ ♠❛t❡r✐❛❧ t❡st✐♥❣ r❡❛❝t♦r✳ ❚❤❡ ♣r❡s❡♥t ♠♦❞❡❧ st✐❧❧
❛♣♣❧✐❡s ❜✉t ✇✐t❤ ❛❞❛♣t❡❞ ❇❈✳
✻ ❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙
❚❤❡ ❛❧❣♦r✐t❤♠ ✐♥❞✉❝❡❞ ❜② t❤✐s t❡❝❤♥✐q✉❡ t❤✉s ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ (h,u, p¯)(t, ·) ∈ (he +H) × (ue +
U)× L20(Ω) s✉❝❤ t❤❛t ❢♦r ❛❧❧ (θ,v, ψ) ∈ H × U × L
2
0(Ω)
•
∫
Ω
ψ∇ · u dx =
βℓ
p0
∫
Ω
Φψ dx,
•
∫
Ω
h(t,x)− h
(
t−∆t,X (t−∆t; t,x)
)
∆t
θ(x) dx =
∫
Ω
Φ(t,x)
ρ
(
h(t,x), p0
)θ(x) dx,
•
∫
Ω
ρ
(
h(t,x), p0
)u(t,x)− u(t−∆t,X (t−∆t; t,x))
∆t
· v(x) dx
+
µ0
2
∫
Ω
(
∇u+ (∇u)T
)
::
(
∇v + (∇v)T
)
dx+ η0
∫
Ω
(∇ · u)(∇ · v) dx−
∫
Ω
p¯∇ · v dx
=
∫
Ω
ρ
(
h(t,x), p0
)
g · v(x) dx,
✇❤❡r❡
H =
{
θ ∈ H1(Ω): θ(x, 0) = 0
}
,
U =
{
v ∈
(
H1(Ω)
)2
: v(x, 0) = 0, v · n(0, y) = v · n(Lx, y) = 0
}
,
L20(Ω) =
{
ψ ∈ L2(Ω):
∫
Ω
ψ(x) dx = 0
}
.
❇♦✉♥❞❛r② ✐♥t❡❣r❛❧s ✈❛♥✐s❤❡❞ ❡✐t❤❡r ❞✉❡ t♦ ❇❈ ✭✺✮ ❛♥❞ ✭✻❜✮ ♦r t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✐♥❝❧✉❞✐♥❣
❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥s ♦❢ ✭✹✮ ❛♥❞ ✭✻❛✮✳
❚❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✐s ♥♦t t❤❡ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r✳ ❍♦✇❡✈❡r✱ ✇❡
❥✉st s♣❡❝✐❢② t❤❡ ❝❤♦✐❝❡ ♦❢ H✳ ❚❤❡ ✜rst r❡❛s♦♥ ✐s t♦ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ tr❛❝❡ ♦❢ h ∈ H ♦♥
{y = 0}✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❛t ✐t ❡♥❛❜❧❡s t♦ ♣r♦✈❡ t❤❛t h− qℓ > min{h0 − qℓ} t❤r♦✉❣❤ t❤❡ ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❛♥❞ t❤✉s t❤❛t ρ(h, p0) ∈ L
∞(Ω)✳ ❚❤❡ ❧❛tt❡r ♣♦✐♥t s❤♦✇s t❤❛t
t❤❡ ✐♥t❡❣r❛❧
∫
Ω
ρ(h, p0)u · v dx ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ r❡❝❛❧❧ t❤❛t ρ(h, p0) ✐s ❞❡✜♥❡❞ ❜② ❊❖❙ ✭✷✮✳
❆s u ✐s ❛♥ ✉♥❦♥♦✇♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ ♣r♦❜❧❡♠✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ ❖❉❊ ✭✽✮ ❝❛♥♥♦t ❜❡ ❛❝❤✐❡✈❡❞✳
❚❤❡r❡ ❡①✐st s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ②✐❡❧❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ X (t−∆t; t,x) ✭s❡❡ ❬✶✸✱✶✹❪✮✳
■♥ t❤❡ s❡q✉❡❧✱ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ξ ♥♦ ♠❛tt❡r ✇❤❛t ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡
✐t✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✉t✐♥❡ ✐♥ ❋r❡❡❋❡♠✰✰ ✐s ❝♦♥✈❡❝t✳
●✐✈❡♥ ❛ t✐♠❡ s❛♠♣❧✐♥❣ t0✱ t1✱ . . .✱ tn✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐✲✐♠♣❧✐❝✐t ❞✐s❝r❡t✐③❛t✐♦♥✿ ✜♥❞(
hn+1,un+1, p¯n+1
)
∈ (he +H)× (ue + U)× L
2
0(Ω) s✉❝❤ t❤❛t ❢♦r ❛❧❧ (θ,v, ψ) ∈ H × U × L
2
0(Ω)
•
∫
Ω
∇ · un+1ψ dx =
βℓ
p0
∫
Ω
Φ(tn, ·)ψ dx, •
∫
Ω
hn+1 − hn(ξn)
∆t
θ dx =
∫
Ω
Φ(tn, ·)
ρ(hn, p0)
θ dx,
•
∫
Ω
ρ(hn, p0)
un+1 − un(ξn)
∆t
· v dx+
µ0
2
∫
Ω
(
∇un+1 + (∇un+1)
T
)
::
(
∇v + (∇v)T
)
dx
+ η0
∫
Ω
(∇ · un+1)(∇ · v) dx−
∫
Ω
p¯n+1∇ · v dx =
∫
Ω
ρ(hn)g · v dx.
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✭❛✮ ◆♦r♠❛❧✐③❡❞ ❡rr♦r ✉♣♦♥ t❤❡ ❞❡♥s✐t② ✕
❙❝❛❧❡ r❛♥❣❡s ❢r♦♠ 1.57× 10−6 ✭♦r❛♥❣❡✮
t♦ 5.83× 10−5 ✭r❡❞✮
✭❜✮ ❈♦♥✈❡r❣❡♥❝❡ ❝✉r✈❡s✿ L2 ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡s❤
s✐③❡
❋✐❣✉r❡ ✶✳ ❈♦♠♣❛r✐s♦♥s ✇✐t❤ ❡①❛❝t s♦❧✉t✐♦♥s✳ ❈♦❧♦rs r❛♥❣❡ ❢r♦♠ ♦r❛♥❣❡ t♦ ②❡❧❧♦✇✱
t♦ ❣r❡❡♥✱ t♦ ❜❧✉❡ ❛♥❞ t❤❡♥ t♦ r❡❞✳
❚❤✐s ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✐s ❞✐s❝r❡t✐③❡❞ ✐♥ s♣❛❝❡ ♦♥ ❛ tr✐❛♥❣✉❧❛r ♠❡s❤✳ ■t ✐s t❤❡♥ s♦❧✈❡❞ ✇✐t❤ t❤❡
❋❊✕s♦❢t✇❛r❡ ❋r❡❡❋❡♠✰✰✳ ❲❡ ❞♦ ♥♦t ❣✐✈❡ ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤✐s st❡♣ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❲❡
♦♥❧② ♠❡♥t✐♦♥ t❤❛t t❤❡ t✐♠❡ st❡♣ ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❡s❤ s✐③❡ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡
❝♦♥✈❡r❣❡♥❝❡✳✷
✹✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s
◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ✶❉ s✐♥❣❧❡✲♣❤❛s❡ ✢♦✇s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❬✷❪✳ ❍❡r❡✱ ✇❡ ❢♦❝✉s ♦♥ ✷❉ ✢♦✇s
❛♥❞ ♣❡r❢♦r♠ s♦♠❡ s✐♠✉❧❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ❋r❡❡❋❡♠✰✰ ❛♣♣❧✐❡❞ t♦ t❤❡ ❞✐s❝r❡t❡ ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❛✐♠❡❞ ❛t ♣r♦✈✐❞✐♥❣ ❡①♣❧♦r❛t♦r② ❤✐♥ts ❛❜♦✉t
t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ s♦❧✉t✐♦♥s t♦ ♦✉r ▲♠♥❝ ♠♦❞❡❧ ✐♥ ❞✐♠❡♥s✐♦♥ ✷✳
❚✇♦ ❞❛t❛ s❡ts ❛r❡ ❝♦♥s✐❞❡r❡❞✿ t❤❡ ✜rst ❛❝❛❞❡♠✐❝ t❡st ❡♥❛❜❧❡s t♦ ❛ss❡ss t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤
✐♥s♦❢❛r ❛s ❛♥ ❛♥❛❧②t✐❝ ♠♦♥♦❞✐♠❡♥s✐♦♥❛❧ s♦❧✉t✐♦♥ ♠✉st ❜❡ r❡❝♦✈❡r❡❞✳ ❚❤❡ s❡❝♦♥❞ t❡st ♣r❡s❡♥ts r❡❛❧
✷❉ ❡✛❡❝ts ❞✉❡ t♦ ❛ ♥♦♥✈❡rt✐❝❛❧ ❣r❛✈✐t② ✜❡❧❞✳ P❛r❛♠❡t❡rs ❛r❡ s❡t ❛s ❢♦❧❧♦✇s✿
• ●❡♦♠❡tr② ♦❢ t❤❡ ❞♦♠❛✐♥✿ Lx = Ly = 1m✳
• P❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ✐♥ ❊❖❙ ✭✷✮ ❢♦r t❤❡ ♣✉r❡ ❧✐q✉✐❞✿ γℓ = 2.35✱ piℓ = 10
9 Pa✱ qℓ =
−1167.056× 103 J · kg−1✳
• ❘❡❢❡r❡♥❝❡ ✈❛❧✉❡ ❢♦r ♣r❡ss✉r❡✱ ❣r❛✈✐t② ✐♥t❡♥s✐t② ❛♥❞ ♣♦✇❡r ❞❡♥s✐t②✿ p0 = 155× 10
5 Pa✱ g =
9.81m · s−2✱ Φ0 = 170× 106W ·m−3✳
• ■♥✢♦✇ ❞❛t❛✿ he = 1.236 508× 10
6 J ·K−1✱ ve = 5m · s−1✳
✷❚❤❡ t✐♠❡ st❡♣ ✐s s❡t ❛s ❢♦❧❧♦✇s✿ ∆t = C h
|ue|
✇❤❡r❡ h ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ♠❡s❤ s✐③❡ ❛♥❞ C ∼ 1 ✐s ❛ ❝♦♥st❛♥t✳
✽ ❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙
✹✳✶✳ ❘❡❝♦✈❡r✐♥❣ ✶❉ s♦❧✉t✐♦♥s
■♥ t❤✐s ✜rst ❝❛s❡✱ t❤❡ s❡tt✐♥❣ ✐s s✉❝❤ t❤❛t t❤❡ ❛♥❛❧②t✐❝ ✶❉ s♦❧✉t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❬✸✱ ❙❡❝t✳ ✸✳✷❪ ✐s ❛❧s♦
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✷❉ ♣r♦❜❧❡♠✳ ■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs✿
• P♦✇❡r ❞❡♥s✐t②✿ Φ(t,x) = Φ0✳
• ●r❛✈✐t② ✜❡❧❞✿ g = g × (0,−1)✳
❚❤❡ r❡s✉❧t ❞✐s♣❧❛②❡❞ ♦♥ ❋✐❣✉r❡ ✶✭❛✮ s❤♦✇s t❤❡ ♣♦✐♥t✇✐s❡ ❡rr♦r ♦✈❡r t❤❡ ❞♦♠❛✐♥ ❜❡t✇❡❡♥ t❤❡ ❛♥❛❧②t✐❝
s♦❧✉t✐♦♥ ρ
(
h∞(y), p0
)
❢r♦♠ ❬✸✱ ❘❡♠❛r❦ ✸✳✶❪ ❞✉♣❧✐❝❛t❡❞ ❢♦r ❡❛❝❤ x ∈ [0, Lx] ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ✇❤❡♥ t❤❡ ❛s②♠♣t♦t✐❝ st❛t❡ ✐s r❡❛❝❤❡❞ ✭❤❡r❡ t = 0.3 s✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡s❤ ✐s ♠❛❞❡ ♦❢
952 tr✐❛♥❣❧❡s ❛♥❞ 517 ♥♦❞❡s ✇❤✐❧❡ t❤❡ ♠❡❛♥ ❡rr♦r ✐s ❛❜♦✉t 10−6✳ ❚❤❡ ❡rr♦r ✐s ♥♦t ✉♥✐❢♦r♠ ❞✉❡ t♦ t❤❡
✉♥str✉❝t✉r❡❞ ♠❡s❤✳ ❲❡ ❛❧s♦ ♣❡r❢♦r♠❡❞ ❛ r❡✜♥❡♠❡♥t ♣r♦❝❡ss ✇❤✐❝❤ ❧❡❛❞s t♦ ❛♥ ♦r❞❡r 1 ❝♦♥✈❡r❣❡♥❝❡
t♦✇❛r❞s t❤❡ ♠♦♥♦❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ✕ s❡❡ ❋✐❣✳ ✶✭❜✮✳
❚❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✉s✐♥❣ ❋r❡❡❋❡♠✰✰ ❛♥❞ ❞❡t❛✐❧❡❞ ❛❜♦✈❡ t❤✉s ❡♥❛❜❧❡s t♦ r❡❝♦✈❡r t❤❡ ❡①♣❡❝t❡❞
s♦❧✉t✐♦♥ ✇❤✐❝❤ ❧❡❣✐t✐♠❛t❡s t❤❡ ❛♣♣r♦❛❝❤✳
✹✳✷✳ ●❡♥✉✐♥❡ ✷❉ ✢♦✇s
❲❡ ♥♦✇ ❢♦❝✉s ♦♥ ❛ t❡st ✇❤✐❝❤ ❞✐s♣❧❛②s ✷❉ ♣❤❡♥♦♠❡♥❛✳ ❚♦ ❞♦ s♦✱ ✇❡ ♠♦❞✐❢② t❤❡ ❞❛t❛✿
• P♦✇❡r ❞❡♥s✐t②✿ Φ(t,x) = Φ0 × 10
4 × exp
(
−1
|x−x0|2−r20
)
✱ x0 = (
1
2
, 1
2
) ❛♥❞ r0 = 0.4 ✕ s❡❡
❋✐❣✳ ✷✭❛✮✳
• ●r❛✈✐t② ✜❡❧❞✿ g = g
√
2
2
× (1,−1)✳
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❧♦❝❛❧✐③❡❞ ❤❡❛t✐♥❣ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝♦r❡✳ ❲❡ ♥♦t✐❝❡ ♦♥ ❋✐❣s✳ ✷✭❝✮ ❛♥❞ ✭❞✮ t❤❡
❡✛❡❝ts ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❋✐❣s✳ ✸✭❛✮ ❛♥❞ ✭❜✮✳ ❚❤❡ r✐s❡ ♦❢ t❡♠♣❡r❛t✉r❡ ✐s ♥♦t r❡str✐❝t❡❞
t♦ t❤❡ s✉♣♣♦rt ♦❢ Φ ❛♥❞ ❛ st❡❛❞② st❛t❡ ❝❛♥ ❜❡ r❡❛❝❤❡❞✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥♦♥✈❡rt✐❝❛❧ ❣r❛✈✐t② ✜❡❧❞
✐s ❛❧s♦ ♥♦t✐❝❡❛❜❧❡ ♦♥ ❋✐❣s✳ ✷✭❜✮ ❛♥❞ ✭❣✮✳ ■♥❞❡❡❞✱ ✇❡ ♦❜s❡r✈❡ ♦♥ ❋✐❣✳ ✷✭❜✮ t❤❛t t❤❡ ♣r❡ss✉r❡ ✐♥❝r❡❛s❡s
❛t t❤❡ ❧♦✇ r✐❣❤t ♣❛rt ♦❢ t❤❡ ❝♦r❡ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ❞✐ss②♠♠❡tr② ♦♥ ❋✐❣✳ ✷✭❣✮✳ ❋✐❣✳ ✷✭❢✮ ❛❧s♦ s❤♦✇s t❤❡
x✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐s ♥♦ ❧♦♥❣❡r ♥❡❣❧✐❣✐❜❧❡✳ ❚❤❡ ❢❛❝t st✐❧❧ r❡♠❛✐♥s t❤✐s ❡①♣❡r✐♠❡♥t ♠❛t❝❤❡s
t❤❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ❛ss✉♠♣t✐♦♥ ❛s ✐t ✐s ❤✐❣❤❧✐❣❤t❡❞ ♦♥ ❋✐❣✳ ✷✭❡✮✳
✺✳ ❈♦♥❝❧✉s✐♦♥ ✫ P❡rs♣❡❝t✐✈❡s
❚❤❡ ✷❉ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r s❤♦✇ t❤❛t t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠❡t❤♦❞ ❝♦✉♣❧❡❞ t♦
❛ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s ✐s s✉✐t❛❜❧❡ t♦ s♦❧✈❡ ❛ ❧♦✇ ▼❛❝❤ s②st❡♠ ✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ❤❡❛t tr❛♥s❢❡r ✐♥
❛ ♥✉❝❧❡❛r ❝♦r❡✳ ■t ✐s ❛❝❤✐❡✈❡❞ ❛❧t❤♦✉❣❤ t❤❡ ✈❛r✐❡t② ♦❢ ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ s②st❡♠✳
❚❤❡ s♣❡❝✐✜❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦rr❡❝t❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤r♦✉❣❤ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✳
❚❤✐s ✇♦r❦ ✐s ❛ ✜rst st❡♣ ✐♥ s✐♠✉❧❛t✐♥❣ t❤❡ ▲♠♥❝ ♠♦❞❡❧ ❛❢t❡r s♦♠❡ ✶❉ ❞❡✈♦t❡❞ ♣❛♣❡rs ❬✷✱✸✱✼❪✳ ❖t❤❡r
st❡♣s ♠✉st ❢♦❧❧♦✇ ♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ♥✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s ♣♦s✐t✐✈✐t② ♣r❡s❡r✈❛t✐♦♥✱
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛♥❞ ❡rr♦r ❡st✐♠❛t❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ♥✉❝❧❡❛r ❝♦r❡ ✇✐❧❧ ❤❛✈❡ t♦ ❜❡
✐♠♣r♦✈❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜② ✐♥tr♦❞✉❝✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✉s✐♥❣ t❛❜✉❧❛t❡❞ ❡q✉❛t✐♦♥s ♦❢ st❛t❡✱ ✇❤✐❝❤
✇✐❧❧ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ ❬✽❪✳
❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✾
✭❛✮ ▼❡s❤ ❛♥❞ ❞❡♥s✐t② ♣♦✇❡r
✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠
0W ·m−3 ✭♦r❛♥❣❡✮ t♦
3.38× 109W ·m−3 ✭r❡❞✮✳
✭❜✮ p¯−min
Ω
p¯ ✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠ 0Pa ✭♦r❛♥❣❡✮ t♦ 8459Pa ✭r❡❞✮✳
✭❝✮ ❚❡♠♣❡r❛t✉r❡ ✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠ 561K ✭♦r❛♥❣❡✮ t♦
621K ✭r❡❞✮✳
✭❞✮ ❉❡♥s✐t② ✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠ 667 kg ·m−3
✭♦r❛♥❣❡✮ t♦ 738 kg ·m−3 ✭r❡❞✮✳
✭❡✮ ▼❛❝❤ ♥✉♠❜❡r ✕ ❙❝❛❧❡
r❛♥❣❡s ❢r♦♠ 2.33×10−3 ✭♦r✲
❛♥❣❡✮ t♦ 3.3× 10−3 ✭r❡❞✮✳
✭❢✮ ❱❡❧♦❝✐t②✿ x✲❝♦♠♣♦♥❡♥t
✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠
0.014m · s−1 ✭♦r❛♥❣❡✮ t♦
0.55m · s−1 ✭r❡❞✮✳
✭❣✮ ❱❡❧♦❝✐t②✿ y✲❝♦♠♣♦♥❡♥t
✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠
4.25m · s−1 ✭♦r❛♥❣❡✮ t♦
5.92m · s−1 ✭r❡❞✮✳
❋✐❣✉r❡ ✷✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❛ ❝♦♥✜♥❡❞ ❤❡❛t✐♥❣✳ ❈♦❧♦rs r❛♥❣❡ ❢r♦♠ ♦r❛♥❣❡ t♦ ②❡❧❧♦✇✱
t♦ ❣r❡❡♥✱ t♦ ❜❧✉❡ ❛♥❞ t❤❡♥ t♦ r❡❞✳
✶✵ ❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙
✭❛✮ ❚❡♠♣❡r❛t✉r❡ ✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠ 556K ✭♦r❛♥❣❡✮ t♦
806K ✭r❡❞✮✳
✭❜✮ ❉❡♥s✐t② ✕ ❙❝❛❧❡ r❛♥❣❡s ❢r♦♠ 512 kg ·m−3
✭♦r❛♥❣❡✮ t♦ 742 kg ·m−3 ✭r❡❞✮✳
❋✐❣✉r❡ ✸✳ ❚❡st ❝❛s❡✿ ♠♦❞❡❧ ✇✐t❤♦✉t ❝♦♥✈❡❝t✐✈❡ t❡r♠s✳ ❈♦❧♦rs r❛♥❣❡ ❢r♦♠ ♦r❛♥❣❡
t♦ ②❡❧❧♦✇✱ t♦ ❣r❡❡♥✱ t♦ ❜❧✉❡ ❛♥❞ t❤❡♥ t♦ r❡❞✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❚❘❆❈❊ ❱✺✳✵ ❚❤❡♦r② ▼❛♥✉❛❧✱ ❋✐❡❧❞ ❊q✉❛t✐♦♥s✱ ❙♦❧✉t✐♦♥ ▼❡t❤♦❞s ❛♥❞ P❤②s✐❝❛❧ ▼♦❞❡❧s✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯✳❙✳
◆✉❝❧❡❛r ❘❡❣✉❧❛t♦r② ❈♦♠♠✐ss✐♦♥✱ ✷✵✵✽✳
❬✷❪ ▼✳ ❇❡r♥❛r❞✱ ❙✳ ❉❡❧❧❛❝❤❡r✐❡✱ ●✳ ❋❛❝❝❛♥♦♥✐✱ ❇✳ ●r❡❝✱ ❖✳ ▲❛✜tt❡✱ ❚✳✲❚✳ ◆❣✉②❡♥✱ ❛♥❞ ❨✳ P❡♥❡❧✳ ❙t✉❞② ♦❢ ❧♦✇ ▼❛❝❤
♥✉❝❧❡❛r ❝♦r❡ ♠♦❞❡❧ ❢♦r s✐♥❣❧❡✲♣❤❛s❡ ✢♦✇✳ ❊❙❆■▼ Pr♦❝✳✱ ✸✽✿✶✶✽✕✶✸✹✱ ✷✵✶✷✳
❬✸❪ ▼✳ ❇❡r♥❛r❞✱ ❙✳ ❉❡❧❧❛❝❤❡r✐❡✱ ●✳ ❋❛❝❝❛♥♦♥✐✱ ❇✳ ●r❡❝✱ ❛♥❞ ❨✳ P❡♥❡❧✳ ❙t✉❞② ♦❢ ❧♦✇ ▼❛❝❤ ♥✉❝❧❡❛r ❝♦r❡ ♠♦❞❡❧ ❢♦r
t✇♦✲♣❤❛s❡ ✢♦✇s ✇✐t❤ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ■✿ st✐✛❡♥❡❞ ❣❛s ❧❛✇✳ ❙✉❜♠✐tt❡❞✳
❬✹❪ ❉✳ ❇❡st✐♦♥✳ ❚❤❡ ♣❤②s✐❝❛❧ ❝❧♦s✉r❡ ❧❛✇s ✐♥ t❤❡ ❈❆❚❍❆❘❊ ❝♦❞❡✳ ◆✉❝❧✳ ❊♥❣✳ ❉❡s✳✱ ✶✷✹✭✸✮✿✷✷✾✕✷✹✺✱ ✶✾✾✵✳
❬✺❪ ▼✳ ❇r❛❛❝❦ ❛♥❞ ❘✳ ❘❛♥♥❛❝❤❡r✳ ❆❞❛♣t✐✈❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r ❧♦✇ ▼❛❝❤ ♥✉♠❜❡r ✢♦✇s ✇✐t❤ ❝❤❡♠✐❝❛❧
r❡❛❝t✐♦♥s✳ ■❲❘✱ ✶✾✾✾✳
❬✻❪ ❏✳▼✳ ❉❡❧❤❛②❡✳ ❚❤❡r♠♦❤②❞r❛✉❧✐q✉❡ ❞❡s ré❛❝t❡✉rs✳ ❊❉P s❝✐❡♥❝❡s✱ ✷✵✵✽✳
❬✼❪ ❙✳ ❉❡❧❧❛❝❤❡r✐❡✳ ❖♥ ❛ ❧♦✇ ▼❛❝❤ ♥✉❝❧❡❛r ❝♦r❡ ♠♦❞❡❧✳ ❊❙❆■▼ Pr♦❝✳✱ ✸✺✿✼✾✕✶✵✻✱ ✷✵✶✷✳
❬✽❪ ❙✳ ❉❡❧❧❛❝❤❡r✐❡✱ ●✳ ❋❛❝❝❛♥♦♥✐✱ ❇✳ ●r❡❝✱ ❛♥❞ ❨✳ P❡♥❡❧✳ ❙t✉❞② ♦❢ ❧♦✇ ▼❛❝❤ ♥✉❝❧❡❛r ❝♦r❡ ♠♦❞❡❧ ❢♦r t✇♦✲♣❤❛s❡ ✢♦✇s
✇✐t❤ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ■■✿ t❛❜✉❧❛t❡❞ ❊❖❙✳ ■♥ ♣r❡♣❛r❛t✐♦♥✳
❬✾❪ ❚✳ ❋♦rt✐♥✳ ❯♥❡ ♠ét❤♦❞❡ ❞✬é❧é♠❡♥ts ✜♥✐s à ❞é❝♦♠♣♦s✐t✐♦♥ L2 ❞✬♦r❞r❡ é❧❡✈é ♠♦t✐✈é❡ ♣❛r ❧❛ s✐♠✉❧❛t✐♦♥ ❞❡s é❝♦✉❧❡✲
♠❡♥ts ❞✐♣❤❛s✐q✉❡s ❜❛s ▼❛❝❤✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈✳ P❛r✐s ✻✱ ✷✵✵✻✳
❬✶✵❪ ❋✳ ❍❡❝❤t✳ ❋r❡❡❋❡♠✰✰✱ ✸✳✷✺ ❡❞✐t✐♦♥✱ ✷✵✶✸✳
❬✶✶❪ ❖❧✐✈✐❡r ❍✉r✐ss❡✳ ❈♦✉♣❧❛❣❡ ✐♥t❡r❢❛❝✐❛❧ ✐♥st❛t✐♦♥♥❛✐r❡ ❞❡ ♠♦❞è❧❡s ❞✐♣❤❛s✐q✉❡s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈✳ ❆✐①✲▼❛rs❡✐❧❧❡ ■✱
✷✵✵✻✳
❬✶✷❪ ❆✳ ▼❛❥❞❛ ❛♥❞ ❏✳ ❙❡t❤✐❛♥✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❢♦r ③❡r♦ ▼❛❝❤ ♥✉♠❜❡r ❝♦♠✲
❜✉st✐♦♥✳ ❈♦♠❜✉st✳ ❙❝✐✳ ❚❡❝❤♥♦❧✳✱ ✹✷✭✸✲✹✮✿✶✽✺✕✷✵✺✱ ✶✾✽✺✳
❬✶✸❪ ❨✳ P❡♥❡❧✳ ❆♥ ❡①♣❧✐❝✐t st❛❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r t❤❡ ✶❉ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❉✐s❝r❡t❡ ❈♦♥t✐♥✳ ❉②♥✳ ❙②st✳ ❙❡r✳
❙✱ ✺✭✸✮✿✻✹✶✕✻✺✻✱ ✷✵✶✷✳
❬✶✹❪ ❖✳ P✐r♦♥♥❡❛✉✳ ❖♥ t❤❡ tr❛♥s♣♦rt✲❞✐✛✉s✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s t♦ t❤❡ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s✳ ◆✉♠❡r✳
▼❛t❤✳✱ ✸✽✿✸✵✾✕✸✸✷✱ ✶✾✽✷✳
❬✶✺❪ ●✳■✳ ❙✐✈❛s❤✐♥s❦②✳ ❍②❞r♦❞②♥❛♠✐❝ t❤❡♦r② ♦❢ ✢❛♠❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥ ❡♥❝❧♦s❡❞ ✈♦❧✉♠❡✳ ❆❝t❛ ❆str♦♥❛✉t✳✱ ✻✿✻✸✶✕✻✹✺✱
✶✾✼✾✳
❬✶✻❪ ❈✳ ❚❛②❧♦r ❛♥❞ P✳ ❍♦♦❞✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t t❡❝❤♥✐q✉❡✳
❈♦♠♣✉t✳ ✫ ❋❧✉✐❞s✱ ✶✭✶✮✿✼✸✕✶✵✵✱ ✶✾✼✸✳
